In-plane driven nanowire oscillators are susceptible to undergoing planar to whirling motion transition due to coupling between flexural modes of vibration. This letter reports analytical modeling of initiation of whirling motion of an electrostatically actuated nanowire oscillator which is pre-deflected by applied DC voltage. A nonlinear coupled oscillator problem has been formulated and solved using second-order averaging method. Planar to whirling motion transition has been investigated by studying bifurcation diagrams. We have quantified the effect of DC voltage on nature of whirling dynamics of the nanowire oscillator.
provided an analytical criteria for the initiation of whirling motion using first-order averaging method. The same group, in a later investigation, also performed numerical analysis to study the role of DC voltage in whirling dynamics of CNT oscillators. 8 In another study,
Chen et al. 6 have numerically investigated the chaotic response in whirling motion of NW oscillators. Interaction between planar and nonplanar modes of vibration due to internal resonance has been also experimentally observed in CNT oscillators by Eichler et al.
9
A simple analytical model is desirable which provides the criteria for planar to whirling motion transition and thus help to identify the nature of resonance characteristics of NW and CNT oscillators. In this work, we have accounted for the effects of DC voltage, a prime component of electrostatic actuation, and an analytical criteria for initiation of whirling provided in the form of coupled algebraic equations. DC voltage induces static pre-deflection, which breaks down the symmetry of beam displacement and becomes the source of geometric quadratic nonlinearity. 10 In addition, DC voltage also mistunes the planar and nonplanar natural frequencies of oscillation. We show in this paper that DC voltage can qualitatively change the whirling dynamics of nano-oscillators. Figure 1 shows the schematic diagram of a doubly-clamped NW oscillator of radiusR and lengthL and is placed on a side of an electrode plate at a gapĝ. The nanowire is electrostatically actuated by applying bias voltageV which is a combination DC voltageV DC and AC voltage of amplitudeV AC at frequencyω f . The governing differential equations of motion for non-dimensional planar u(x, t) and nonplanar v(x, t) displacements are coupled integro-partial differential equations 5,6,11
Here,
The dimensional form of planar displacementû(x,t), nonplanar displacementv(x,t), spatial coordinatex, and timet are related to their non-dimensional form as
The non-dimensional parameter c is damping coefficient, α 1 quantifies the nonlinearity due to nanowire stretching because of boundary condition constraint, and α 2 represents strength of electrostatic actuation nonlinearity. In Eq. 2, Young's modulus and mass density of the nanowire are represented byÊ andρ respectively, whereas cross-sectional area and moment of inertia are given byÂ andÎ respectively;T is a time constant.
To investigate the whirling dynamics of an electrostatically actuated NW oscillator, we have developed a two degree of freedom (DOF) reduced order model using Galerkin method.
Such a reduced order formalism has been applied earlier in many investigations of nanooscillators. 5, 10, 11 In this formalism, for our problem, in-plane motion is assumed as u(x, t) =
is the first mode shape, with natural frequency ω 1 , of a doubly-clamped straight beam. 
Various parameters of Eq. 3 are defined as
, and
For deriving Eq. 3, we have expressed electrostatic forcing function F e (u) from Eq. 2 using Taylor series of third order, and retained only the first harmonic 2V AC C 0 cos(ω f t) term because primary resonance is the main scope of this investigation. Note that Eq. 3 contains both symmetric odd order and asymmetric even order nonlinearities. The parameters C i s arise due to nonlinear electrostatic actuation force, whereas k 2 and k 3 arise due to beam stretching. An important point to note here is that k 2 = k 3 u s arises due to the static deflection by applied DC voltage and is the source of geometric quadratic nonlinearity in the coupled oscillator.
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To solve Eq. 3, we assume it as a weakly nonlinear problem by rewriting coefficient of quadratic nonlinear terms of the order ǫ and remaining terms (cubic nonlinearity, damping coefficient, and harmonic forcing) of the order ǫ 2 -here ǫ is a small book-keeping parameter.
to first-order averaging applied by Conley et al. 5 It can be shown that first-order perturbation is sufficient to account for symmetric cubic nonlinearity effects on resonance curves, whereas second-order perturbation is indispensable to properly incorporate asymmetric quadratic nonlinearity. 13 To make the perturbation problem suitable for averaging, we have expressed the displacement and velocity components as [
where A is a matrix defined as
With this substitution, our dynamical equation has the formẋ = ǫf 1 (x, t) + ǫ 2 f 2 (x, t). The central idea of second-order averaging is to obtain a near identity transformation x(t) = y(t) + εb 1 (y, t), such that the averaged equationẏ = εg 1 (y) + ε 2 g 2 (y) is an autonomous system. 12 The averaged equations which determine amplitude and phase evolution arė 
where, different coefficients are
We have introduced two detuning parameters Ω 1 and Ω 2 in Eq. 5 which quantify the dif- In this paper, we have studied the dynamics of a typical silicon nanowire oscillator of lengthL = 3000 nm and radiusR = 25 nm. 6, 14 The gapĝ between nanowire and electrode plate has been chosen as 300 nm and quality factor Q = 100 has been taken to account for damping effects. As in a linear harmonic oscillator, quality factor Q is related to the damping coefficient c as Q = ω 1 /c. Figure 2 shows planar to whirling motion transition in the nanowire oscillation forV DC = 10 V. We have solved Eq. 5 using nonlinear dynamics software XPPAUT 15 to obtain planar and nonplanar resonance curves which are shown in Fig. 2(i) , unfilled circles denote two saddle-node bifurcation of Eq. 5 which characterize the nonlinear nature of resonance curves. The P branch of resonance curves display hysteresis behavior, i.e., multiple solutions exist between these two saddle-node bifurcation points. Two more bifurcation points denoted by unfilled stars also reside on the P branch. These bifurcation points are termed here as branch bifurcation points and the W branch emanates from these two points. 8 When a NW oscillator is operated in a forward sweep of forcing frequency, the oscillatory motion shows a planar to whirling transition at the branch bifurcation point. However, as forcing frequency further increases, periodic whirling motion becomes unstable. Such observation of existence of both stable and unstable solutions on W branch is consistent with findings of Johnson and Bajaj in their investigation of sinusoidally forced string.
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The bifurcation points of P branch of resonance curves are of main interest for the current study. We have derived simple conditions to obtain saddle-node and branch bifurcation points from Eq. 5. A nonlinear algebraic equation has been derived by substituting y 1 = r u cos(θ u ), y 2 = −r u sin(θ u ), y 3 = 0, and y 4 = 0 in Eq. 5 to give
which can be used to compute P branch of resonance curves.
Equation 5 can be re-written in the vector form asẏ = G(y), where y = [y 1 y 2 y 3 y 4 ] T .
The bifurcation of P branch of resonance curves occurs when the determinant of the Jacobian matrix of G(y) vanishes. 5 It is interesting to note that the Jacobian matrix, say B, is a four by four block diagonal matrix for y 3 = y 4 = 0. The saddle node bifurcation occurs when the determinant of first block matrix containing elements B 11 , B 12 , B 21 , and B 22 vanishes.
Hence the condition for saddle-node bifurcation is
We solve Eqs. 7 and 8 simultaneously to obtain the bifurcation points. 3 , as compared to only two bifurcation points corresponding to one W branch in Fig. 2(i) .
Consequently, the branch bifurcation diagram forV DC = 17.5 V in Fig. 4 is qualitatively different from its counterpart in Fig. 2(iv) . Furthermore, though, as can be seen from there is overall qualitative agreement between the two solutions. This qualitative variability in whirling dynamics can be attributed to change in parameters γ 1 , γ 2 , γ 3 , γ 4 , Ω 1 , and Ω 2 of Eq. 6 due to modification in the magnitude of applied DC voltage.
In conclusion, we have presented a simple analytical model -developed using secondorder averaging method -which takes into account the effect of DC voltage on the initiation pattern of whirling motion in nanowire oscillators. We have observed that DC voltage can qualitatively change the whirling behavior of nanowire oscillators. 
